
Large population limits of Markov processes on random networks

Jobst Heitzig1, Péter Koltai2, Marvin Lücke3, Nora Molkenthin1, Stefanie Winkelmann3

1Potsdam Institute for Climate Impact Research

2Free University Berlin

3Zuse Institute Berlin

Marvin Lücke LARGR 2023, Lille 1 / 7



The model

N agents, represented by nodes in a network
each agent has one of M discrete states
(e.g., opinion)

time evolution of states: continuous-time
Markov chain
an agent in state m transitions to state n
with rate

rm,n
#{neighbors with state n}

node degree + r̃m,n

model parameters: rm,n, r̃m,n ≥ 0.
important observable: shares (percentages)
of each state in the system c ∈ [0, 1]M

→ collective variable?
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Erdős–Rényi random graph
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mean-field equation (Kurtz 1978, L et al.)
d
dt c(t) =

∑
m ̸=n

cm(t)
(
rm,ncn(t) + r̃m,n

)
(en − em)
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Erdős–Rényi random graph

Theorem
If p ≫ log(N)/N:

sup
0≤s≤t

∥CN(t) − c(t)∥ P→
N→∞

0.

Proof: Law of large num-
bers, concentration inequali-
ties, Gronwall’s lemma
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Erdős–Rényi random graph

ring graph
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Stochastic block model

cluster 1 cluster 2

C(1,1) = 2
20

C(2,1) = 8
20

C(1,2) = 6
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C(2,2) = 4
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mean-field equation (L et al.) (Condition: ∀k ∃k ′ : pk,k′ ≫ log(N)/N)
d
dt c(t) =

∑
(m,k)→n

c(m,k)(t)
(
rm,n

∑
k′∈[K ] c(n,k′)(t) pk,k′

p̄k
+ r̃m,n

)(
e(n,k) − e(m,k)

)
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Outlook: Learning collective variables from data

So far: c =̂ concentration of states (in subgraphs).
For other networks, a different choice for c might be required.

Idea: Learn most important dynamical information (collective variables) from data (e.g., system
trajectories) and choose c to extract this information

We use the transition manifold approach1 for this purpose.

1A. Bittracher et al., Journal of Nonlinear Science 31 (2020)
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Example: Barabási-Albert network (scale-free)

Only M = 2 opinions, xi ∈ {0, 1}.

c(x) := 1
∥α∥1

N∑
i=1

αixi =̂ weighted concentration of states.

⇒ The weight αi is given by the node
degree di ! Thus, c is the
degree-weighted concentration.
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Thank you for your attention!
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